Abstract. In this paper, the portfolio optimization based on CV aR is performed using the dynamic copula model for …nancial data. Determining the best model of dependency between …nancial data has an important role in taking appropriate investment decisions. Due to the …nancial data is always a¤ected by the ‡uctuations of the economic factors, the dynamic model was handled. On the other hand change point detection is also important for investment decisions. So this study presents an application of dynamic copula model with change point approach. We take the currency data (USD and EUR) from Turkish Central Bank to construct a portfolio. This study consists of two stages. In the …rst stage, the marginal distributions and copula models of currency data are de…ned for full sample, and the portfolio optimization based on CV aR is performed. In the second stage, the change periods of copula models are determined using binary segmentation method, and the portfolio optimization based on CV aR is performed for each period.
INTRODUCTION
Dynamic copula modeling is commonly used in …nance and risk management. This approach is important in practice when …nancial data don't have normal distributions and have high volatility by time-varying methods. In today's complex …nancial markets, there are dependencies between assets constituting the …nance portfolio. Therefore, the relationship between the returns of the assets may not have a linear correlation. For this purpose, dependencies between …nancial assets can be modeled with the dynamic copula approach by taking into account time-variations.
Furthermore, in the long term, the returns on assets can be a¤ected by some changes of politics or economic factors. Therefore, the determination of the change points is important to lead to the di¤erent portfolio selection for the various periods and to achieve more accurate risk calculations. So, the change point approach is used for determinating the change points.
EM EL KIZILOK KARA AND SIBEL ACIK KEM ALOGLU
We applied portfolio optimization based on risk measures such as the Value at Risk (V aR) and the Conditional Value at Risk (CV aR) for assets modeled with dynamic copula at each speci…ed period by using the change point approach. In order to conduct a portfolio optimization, …rstly we determined the period. Then, we chose the appropriate copula model for every period by using AIC [1] and BIC [2] . The inference function for margins (IFM) method was used to estimate copula parameters. Finally, portfolio optimizations based on the CV aR were performed for each period using data obtained from the Monte Carlo simulation method.
The copula method in …nancial risk management has been introduced by Embrechts et al. [3] . Further details on copula can be seen in Joe [4] , Nelsen [5] and Cherubini [6] . Some studies on dynamic copula are found in Wei and Zhang [7] , Ozun and Cifter [8] , Jondeau and Rockinger [9] and Huang et al. [10] . On the other hand, Rockafellar and Uryasev [11] studied the portfolio optimization based on CV aR. The applications of the dynamic copula model for portfolio analysis on risk measures were given in Wu et al. [12] , Wang et al. [13] and He and Li [14] . The change points approach has been introduced by Gombay and Horváth [15] , [16] and Csörgö and Horváth [17] . One of the latest studies in …nance based on copula with change point detection was given in Zhu et al. [18] . Finally, Dias and Embrechts [19] , [20] and Guegan and Zhang [21] have studied dynamic copula models in …nance and insurance by taking into account the change point approach.
In this study, we give an application of portfolio optimization based on the change point detection approach that provides better portfolio selection and investment decisions when dependent …nancial data are modeled with the dynamic copula. The rest of the paper is organized as follows. In Section 2, the expressions of copula, dynamic copula modeling and parameter estimations are presented. The usage of the change point approach is presented in Section 3 and the general steps are given. Portfolio optimization based on CV aR is de…ned in Section 4. Section 5 presents a useful application of this approach. Finally, some conclusions are given in Section 6.
DYNAMIC COPULA MODEL AND PARAMETER ESTIMATION
To de…ne bivariate copula, suppose F (x 1 ; x 2 ) is a joint distribution with corresponding marginal distributions F 1 (x 1 ) and F 2 (x 2 ). Then F (x 1 ; x 2 ) can be expressed as
where C is a parametric copula function which we know to exist uniquely by Sklar's Theorem [22] .
The static copula models, Gaussian, Student-t, Clayton and Symmetrized Joe Clayton-SJC and corresponding dynamic copula models, GDCC, tDCC, tvC and tvSJC are used in this study which are given in Appendix. Dynamic copula models are utilized for modeling of the …nancial data varying to the time and it is de…ned as F (X 1t ; :::; X nt j t ) = C t (F 1t (X 1t j t ) ; F 2t (X 2t j t ) :::; F nt (X nt j t )) (2.2)
where t = fX 1t 1 ; X 2t 2 ; :::; X nt t ; :::g, t = 1; 2; :::; T represents the historical data until t time [8] .
Portfolio assets based on the dynamic copula method are generally modelled with the GARCH or GJR models [23] . GARCH-n and GARCH-t models are de…ned as
Here, provided that indicates the conditional mean of return series, and
indicates the conditional variance, d indicates the degree of freedom. GJR-n and GJR-t models are de…ned as:
where,
The parameters of the GARCH and GJR models are estimated with the MLE method. The joint density function can be expressed as
where t 1 = fa 0 ; a 1 ; :::; a t 1 g : Given data a 1 ; :::; a t , the log-likelihood function is given as:
The copula parameters are estimated by the Inference Function for Margins (IFM) method. The estimation procedure of the IFM method consists of two steps [6] .
In the …rst step, the parameters of the marginals are estimated as
In the second step, the parameter of the copula model is estimated, given 1 :
The IFM estimator is de…ned as [6] 
AIC (Akaike Information Criterion) [1] and BIC (Bayesian Information Criterion) [2] are used to make the goodness of …t tests for marginal distributions and copula models. AIC = 2 LL + 2k (2.8)
where LL is the log-likelihood at its maximum point of the model estimated and k is the number of copula parameters in the model. The model having the smallest AIC and BIC value is the best choice.
CHANGE POINT DETECTION
The change point approach is a procedure used to determine the change time. At …rst, an appropriate copula is determined by making a model selection on the whole sample. For the dynamic copula model, it is important to test the stability of the dependence structure. For this purpose, it needs to apply goodness-of-…t (GOF) test proposed by Genest et al. [24] to test whether the selected copula is stable. If the copula does not change, it is dealt with the changes of copula's parameters for same copula family. In this case, it is applied for the change-point analysis as given in Csörgö and Horvath [17] , Dias and Embrechts [20] . If there is a change in the copulas, then the binary segmentation procedure proposed by Vostrikova [25] can be applied to detect the change time. In this procedure, the whole sample is divided into two subsamples, then the best copula family is chosen for each subsample by AIC. The procedure will continue with binary segmentation until two subsamples have the same best …t copula. Finally, all the change points according to copula family and parameters will be detected. To detect changes of copula parameters, we use the following procedure [14] , [19] .
Let u 1 ; u 2 ; :::; u n be a sequence of independent random vectors in [0; 1] d with univariate uniformly distributed margins and copulas C(u; 1 ; 1 ); C(u; 2 ; 2 ); :::; C(u; n ; n ) respectively, where i and i represent the dynamic and static copula parameters. To test the null hypothesis
= n and 1 = 2 = = n against alternative hypothesis
If the null hypothesis is rejected then k denotes the change point. If k = k; the null hypothesis would be rejected for small values of the generalized likelihood ratio
where c is the density of copula C. H 0 will be rejected for large values of
According to Csörgö and Horvath [17] , the following approximation holds
where h and l can be taken as h(n) = l(n) = (log n) 3=2 =n as x ! 1. If there is exactly one change point then the maximum likelihood estimator for the change point is given by b k n = min f1 k n : Z n = log( k )g [14] , [19] .
PORTFOLIO OPTIMIZATION BASED ON CVAR
Assuming that x = (x 1 ; x 2 ; :::; x n )
T is a portfolio vector for n assets and y = (y 1 ; y 2 ; :::; y m ) T is the m type loss factor with p(y) density distribution. Rockafellar and Uryasev [11] de…ned a simple convex optimization problem based on composition of V aR and CV aR and this determination is given for 2 (0; 1) con…dence level by following function
Here (x) and (x) indicate V aR and CV aR respectively as follows:
e F (x; ) can be used instead of F (x; ) for the derived returns y by Monte Carlo simulation as
where m denotes the number of simulations. Let x = (x 1 ; x 2 ; :::; x n ) indicates the weights of assets in the portfolio and y j = (y j1 ; y j2 ; :::; y jn ) indicates the derived 180 EM EL KIZILOK KARA AND SIBEL ACIK KEM ALOGLU returns. The CV aR optimization problem is given by min e F (x; ) = min
where is the expected return. It can be solved as a linear programming problem.
NUMERICAL EXAMPLE
In this study, 1007 daily USD and EUR currency data between January 3, 2011 and December 31, 2014 were used as an application. USD and EUR currency data were taken from the website of the Turkish Central Bank [26] . The volatility clustering of daily market returns of USD and EUR are illustrated in Figure 1 .
The returns, r t are calculated by r t = 100 ln
where P t indicates the index value at t time. Table 1 . It can be seen that the marginals of USD and EUR are not distributed normally according to JB statistics (p value < 0:05). Due to the Engle test results (LM statistics) there are ARCH e¤ects (p value < 0:05). Furthermore, the correlations for returns in Figure 2 were evaluated with autocorrelation functions (ACF) and partial autocorrelation functions (PACF). Here, it was observed that all autocorrelations were not zero after zero lag. Since …nancial returns are considered to be time series data, their marginal distributions were regarded as GARCH and GJR models. It was determined by goodness of …t tests that the marginal distributions of the USD and the EUR is the best appropriated by GARCH (Normal, Student-t) or GJR (Normal, Student-t) models. Table 2 and Table 3 show that maximum likelihood results, estimated parameter values, AIC (Akaike Information Criterion) and BIC (Bayesian Information Criterion) values for GARCH and GJR models selection. It is demonstrated that both the USD and EUR can be modeled with GARCH-t since it has minimum AIC and BIC values.
In order to explain the dependency structure of USD and EUR, the best copula models were selected by using the estimated parameter values for the identi…ed marginal distributions. The copula selection model was examined in two situations: static (Gaussian, Student-t, Clayton, SJC) and dynamic (GDCC, tDCC, tvC, tvSJC). Table 4 and Table 5 demonstrate the AIC and BIC values besides the estimated parameter results by the IFM method for these situations. Thus, the Gaussian copula and tDCC copula are selected for static and dynamic cases, respectively, since they have minimum AIC and BIC values. By using the parameter values for selected model, the Monte Carlo simulation was performed 10000 times, and portfolio optimization was achieved based on CV aR. V aR and CV aR risk measurement values for di¤erent con…dence levels, and results including the weights for each …nancial asset are given in Table 6 . Accordingly, the CV aR value would reach the minimum when an investor allocates of his/her assets 37% in USD and 63% in EUR within a 99% con…dence level. Table 3 . Parameter estimates of GJR-n and GJR-t models and statistic tests Table 7 presents change point dates (periods) and events which are obtained with the change point approach. The parameter estimates of GARCH (1,1)-t for periods are calculated and presented in Table 8 . The estimates of static and dynamic copula parameters for each period are given in Table 9 and Table 10 , respectively. Finally, portfolio optimization for these periods are carried out and the results are given Table 11 . 
CONCLUSION AND DISCUSSION
In this paper, we constructed a dynamic copula model for currency data (USD and EUR) with the change point approach. This study was conducted in two cases: Full sample and subsamples by change point aprroach. In the …rst case, marginal distributions were determined as GARCH-t and the best copula describing the dependence structure of currency data was found as Gaussian in the static model and tDCC in the dynamic model. In the second case, the full sample was divided into subsamples (periods) with the change point approach. This approach allows us to determine the change points for the types of copulas using the binary segmentation method. Thus, seven periods are obtained to study on. Marginal distributions and appropriate copula models are determined for each period. Then, optimization based on CV aR by using Monte Carlo simulation was performed for full sample and seven periods. As result, it was seen how the copula models and their parameters changed from period to period. Therefore, the portfolio optimization results were obtained for each period and it was found the best way to allocate portfolio assets. As it can be inferred from the results of the numerical example, copula models may subject to change according to some political or …nancial events during the time schedule which may a¤ect the future structure of investment strategies.
In future work, it is possible to study other copula families for another …nancial investment instruments by taking into account the change point approach.
APPENDIX
The used static copulas in this paper are given as follows:
Gaussian Copula De…ning x = 1 (u) and y = 1 (v) , the Gaussian copula is given by C Gau (u; v; ) = )dxdy with 2 ( 1; 1); where 1 is the inverse of the normal c.d.f. and is the coe¢ cient of linear correlation. The Gaussian copula has no tail dependence. The Clayton copula is also Archimedean, but it is not rotationally symmetric and it only allows for positive dependence [5, 6, 16] . is the inverse of a Student-t c.d.f., the parameters 2 ( 1; 1) and d 2 (0; 1) are the coe¢ cient of linear correlation and the degrees of freedom, respectively [5, 6, 16] .
Student t Copula
De…ning x = t
Clayton copula
The Clayton copula is C Clayton (u; v; w) = (u w + v w
1)
1 w with w 2 (0; 1). The Clayton copula is also Archimedean, but it is not rotationally symmetric and it only allows for positive dependence [5, 6] .
The symmetrized Joe-Clayton (SJC) Copula The Joe-Clayton copula is constructed by taking a particular Laplace transformation of Clayton's copula by Joe [4] and it is given by . The symmetrized Joe-Clayton (SJC) copula is improved by Patton [27] , in order to overcome the asymmetry property of the Joe-Clayton copula, when U = L , and this copula is de…ned by
which is symmetric when U = L . The parameters U 2 (0; 1) and L 2 (0; 1) are the coe¢ cients of upper and low tail dependence, respectively.
